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A transformation mapping games onto games that have saddle values (for short, 
saddling transformation) was first considered by von Neumann. By introducing 
mixed strategies, he showed that the bilinear extension of a finite game has a saddle 
value. This paper is concerned with saddling transformations of topological type in 
the setting of the quasi concave-convex payoffs and with their compositions. 
It yields new minimax theorems which are extensions of the Son theorem. i’ 1990 
Academic Press. Inc. 
The first saddling transformation was considered by von Neumann 
(1928). After introducing mixed strategies, he showed that the bilinear 
extension of a finite game has a saddle value. Thus it is possible to 
transform a finite game (generally, without a saddle value) to a game 
having a saddle value with the aid of convexifications-linearizations. 
Further saddling transformations were investigated by Rockafellar 
[ 18, Sect. 341, using convex regularizations. 
This paper concerns saddling transformations of topological type in the 
setting of the quasi concaoe-convex payoffs which verify some coercivity 
condition but not necessarily any semicontinuity condition (see Section 3). 
It provides an extension of the Sion minimax theorem (from the upper 
semicontinuous (u.s.c.)/lower semicontinuous (1.s.c.) quasi concave-convex 
functions to the wider class of quasi concave-convex topological@ closed 
functions) and gives sufficient (and necessary) conditions for 1.s.c. (or u.s.c.) 
quasi concave-convex functions to have a saddle value (see Section 4). 
The basic notion is that of concave-convex multifunctions. This notion 
enables us to study geometric ounterparts of saddling transformations (see 
Section 2). The remarkable role played by geometric formulations has 
already been emphasized by Ky Fan (for example, see [7, 81). 
* This work was partially supported by the University of Limoges. 
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To translate geometric formulations into saddling transformations and 
subsequently into minimax theorems we use the notion of lirnitoid, 
introduced by the author in the setting of variational convergences and in 
that of complete lattices. The extension principle for limitoids, given in 
Section 1, will provide this translation not only for real-valued functions 
but also for functions with values in a completely distributive complete 
(c.d.c.) lattice. 
The usual setting for minimax theorems is that of the extended real- 
valued functions; nevertheless we prefer to study them for functions with 
values in a c.d.c. lattice. This allows us to stress the important role played 
by the order structure of real numbers. The reader who is not interested in 
lattices can replace the symbol L denoting a c.d.c. lattice by the extended 
real line R, when it occurs. 
Other examples of c.d.c. lattices are power sets, products of complete 
chains. An important theorem of Raney [ 171 says that every c.d.c. lattice 
is a sublattice of a product of chains. 
The proofs proposed in this paper do not require the usual tools for 
minimax theorems: the KKM theorem, the Helly theorem, fixed point 
theorems, separation of convex sets, etc. Instead our method of proof 
makes use of geometrical properties of concave-convex multifunctions: the 
pasting property and the constant selection property (see Lemma 2.1 and 
Proposition 2.3, respectively). 
1. PRELIMINARIES 
In this preliminary section we gather those ideas, examples, and 
theorems which we shall need later. 
It is well known that behind minimax theorems there are geometric 
formulations (see Ky Fan’s papers). Here we give a “canonical” way to 
translate geometric formulations into their functional counterparts and 
conversely. 
Throughout this paper, R denotes the set of extended real numbers and 
L a completely distributive complete lattice; that is, L is a complete lattice 
verifying the following equality 
inf sup g(a, b) = sup inf g(a, s(a)) 
oeA hsB SE& ucA 
and its dual one, provided that A and B are nonempty sets and g an 
arbitrary function from A x B to L (see Birkhoff [2, p. 1193); BA denotes 
the set of all functions from A to B. 
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Let L, and L, be complete lattices. A mapping cp: L, -+ L, is said to be 
a complete homomorphism, if &sup D) = sup q(D) and cp(inf D) = inf q(D) 
for every nonempty subset D of L, . If S c L, contains both inf D and 
sup D whenever D is a nonempty set of L,, then S is called a closed 
sublattice of L,. 
A mapping T: LA + LB is said to be a fimitoid (see Greco [lo, 14]), if 
for every complete homomorphism cp from L to L, V’ gE LA and VL’ 
closed sublattice of L the following conditions hold: 
f< g= T(f)d T(g), W.1) 
T(vcf) = cpo T(f), CL.21 
f(A) c L’+ T(f)(B) c L’. (L.3 
In (L.l) the order “ <” has the usual pointwise sense. 
Let W be an arbitrary family of subsets of A. A function f: A -+ L is said 
to be duafly W-measurable (see Greco [ 13]), if for all pair a, b E L with 
a>bthereexistsH~Wsuchthat {f<a}cHc{f >b}. 
Let H be a subset of A. The symbol rjH denotes the indicator function of 
H; that is, it is equal to 0 (the minimum element of L) on Hand to 1 (the 
maximum element of L) on its complement A\H. 
The complete distributivity of L is sufficient (and necessary) to have the 
following useful relation between limitoids and measurability. 
EXTENSION PRINCIPLE FOR LIMITOIDS [ 133. Let T,, T,:LA +LB be two 
limitoids. If, for every HEW, T,(tiH)=T2(tjH), then T,(f)=T,(f) for 
every dually W-measurable function f: 
The previous notions are used in the following way. Suppose we have a 
family X of functions from A to L and two limitoids T, , T,: LA -+ LB. In 
order to prove that 
T,(f)=T,(f) for everyfunction fez (*) 
we will adopt the following procedure. Set 
(a) W := {HcA: tiH~X}. 
We will show that 
(b) every function f E A? is dually W-measurable 
and then we will prove that 
TI($C/H) = T,($,,) for every HE W. (**) 
MINIMAX TRANSFORMATIONS 183 
We say that (**) is the geometric formulation of its functional 
counterpart (*). 
We now give some examples and comments concerning the notions 
introduced above. 
Remark A (About Completely Distributive Complete Lattices). As 
mentioned in the introduction, the most important c.d.c. lattice is the 
extended real line K! with the usual order. A closed subset of R is a closed 
sublattice of R and conversely. The complete homomorphisms of R 
coincide with the nondecreasing continuous functions from R into R. 
Further c.d.c. lattices are products of complete chains and their closed 
sublattices. The family P(A) of all subsets of a set A and the set of all 
extended real functions defined on a given set are examples of products of 
complete chains. 
Important characterizations of the complete distributivity of a complete 
lattice were obtained by Raney (see [17] or [12]). For other ones see 
Greco [lo, 133. 
Remark B (About Limitoids). We shall give some examples of limitoids 
using finite combinations of inlinum and supremum. The mapping which 
sends every function f: Xx Y + L to the quantity inf,, y sup ,E xf(x, y) 
(usually denoted inf y sup,f) is a limitoid from Lxx ’ to L. Similarly 
sup, inf ,, is a limitoid. The following mappings are four limitoids from 
LX” Y to LX” Y: 
f(Xf), f( Y-), qx+, r-), f( Y-, Jr’). 
They are defined for every f~ Lx” ’ and for every (x, y ) E Xx Y by 
(TV+ )f)(x, Y) = lim sup .0x’, Y), 
x”x 
(r( Yp )f)(x, y) = lim inff(x, ~‘1, y’+ Y 
(r( Y-, X+)f)(x, y) = inf 
A c -v-(.x) 
lim inf ;tp, f(x’, y’), 
y’ + .” 
(T(X+, YP)f)(x, y) = sup lim sup inf f(x’, y’), 
VE.Y(.V) x”1. .V’E v
where X, Y are topological spaces and N(x), M(y) denote the 
neighborhood filters at x and y, respectively. These definitions are 
unchanged by replacing M(x) and M(y) with filter bases of N(x) 
and M(y). 
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Observe that the property to be a limitoid is preserved by composition. 
Thus, for example, the following mappings are limitoids: 
inf sup T(X+, Y ) and sup inf r(X+, Y ). 
Y x x Y 
Using the above extension principle, in Section 3 we prove that two such 
limitoids coincide on a wide class of quasi concave-convex functions. 
Remark C (About Measurable Functions). Let X, Y be convex subsets 
of vector spaces. A function f: Xx Y + L is said to be a quasi concave- 
convex function if for every (x0, y,) E Xx Y and aE L, the sets {y E Y: 
fh, ~)<a} and {x~J’:f(x, yd, > > a are convex. The indicator function 
tin of a subset Q of Xx Y is quasi concave-convex if and only if for every 
(x,, y,)~Xx Y, the sets {ye Y: (x,, ~)EQ} and {xEX: (x, yO)$Q) are 
convex; in this case Q is called a concave-convex set. One can show that 
a function f is quasi concave-convex if and only if it is dually measurable 
with respect o the family of all concave-convex sets. 
We give another example. Let X, Y be arbitrary sets. A function 
.f: Xx Y + L is said to have a saddle value, if 
inf sup f = sup inff: 
Y x x Y 
A subset Sz of Xx Y is said to be a saddle set if its indicator function ijjCJ 
has a saddle value; in other words if 
0 Qx#% or Qx=@ for some x E X, 
.xit x 
where Qx := {y E Y: (x, y)~ Q}. It is easy to show that a function has a 
saddle value if and only if it is dually measurable with respect o the family 
of all saddle sets. 
Remark D (About Extension Principle for Limitoids). Let T,, T,: 
LA 3 LB be two limitoids. If, for every HEW, T1($“)< T2($“), then 
T,(f) d T,(f) for every dually W-measurable function f: To prove this 
statement it is enough to apply the extension principle for limitoids to the 
pair T, , T, A T2. 
2. CONCAVE-CONVEX MULTIFUNCTIONS 
Let X, Y be nonempty convex subsets of topological vector spaces (not 
necessarily separated); their induced topologies will be denoted by [ and r, 
respectively. 
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A multifunction Q: X 3 Y is said to be concaue-convex if for every 
(x,, y,) E X x Y, the sets ax, and {x E: X: y, 4 Qx} are convex. Clearly, a 
multifunction Q is concave-convex if and only if its graph is a concave- 
convex set. 
Observe that Q is a concaveconvex multifunction if and only if the 
following properties hold, 
Qx is convex for every x E X, (2.1) 
Qx’ c szx, u Qx, for every x’ E conv(xr , x2) c X, (2.2) 
where conv(xi, x2) denotes the convex hull of the set (x,, x2}. 
This section concerns geometric counterparts of saddling transforma- 
tions. In other words, we will prove, under suitable hypotheses, that for a 
concave-convex multifunction Q the property 
holds if 
Li” Qx’# @ 
x’ - i 
for every x E X, 
where y is r or the discrete topology on Y and Li;, _ ~ Qx’ denotes the 
usual Kuratowski’s lower limit of sets. We recall that y E Liz. _ x Qx’ if and 
only if for every y-neighbourhood V of y there is a i-neighbourhood A of 
x such that V n ax’ # QI for every x’ E A. 
LEMMA 2.1 (Pasting Property). Let Q: X =: Y be a concave-convex 
multifunction with closed values (i.e., for every x E X the set Qx is a closed 
subset of Y). If C,, C2, and C’, v C2 are closed convex subsets of X and 
n Rx#@ and n fixfO, (2.3) 
.XGC, .X~C~ 
then CL E c, v c2 Qx z 0. 
ProoJ By the properties (2.1) and (2.2) we obtain easily that 
(~fy)(nC2Q~) is Convex. (2.4) 
Since the values of Q are closed, (2.3) implies 
n s2x and n Qx are closed nonempty sets. 
rtc, .XECl 
(2.5) 
409!147/1-13 
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Hence, by (2.4) and Wh n\-EC,VC-2SZ~=(n.~..,szx)n(n...,ax) 
z0. I 
LEMMA 2.2 (Reconstruction of Convex Sets by Pasting). Let X be 
the convex hull of a finite set. Let F be a family of closed convex subsets 
of X. !f 
0EP, (2.6) 
A c BE 9, A closed convex * A E F, (2.7) 
C,,C,~~,andC,uC,convex~C,uC,~~, (2.8 1 
Vx E X, 3C E 9 such that x E int C, (2.9) 
then XE F. 
Here int C is the topological interior of C with respect to X. The proof 
of this lemma is left to the reader. 
PROPOSITION 2.3 (Constant Selection Property). Let 52: X 3 Y be a 
concave-convex multifunction with closed values. If there exists a finite open 
cover A 1 , . . . . A, of X such that 
n .Qx+@ for i=l,...,n, (2.10) 
XEA, 
then n,,xQx#@. 
Proof: For every i, choose yi E n,, A, Ox. Let Y, be the convex hull of 
the set (yj: 1 < i6 n} and let X0 be the convex hull of a finite subset of X. 
The restriction R, of Q to X0 x Y, defined, for every x E X0, by 
is a concave-convex multifunction from X0 to Y, and its values are closed 
subsets of Y,. 
By (2.10) and Lemma 2.1, the family 
9 := Cc X0: C closed, convex such that n Q,x # 0 
{ .r E c 
verifies all the hypotheses of Lemma 2.2. Hence X0 E 9. 
Therefore n, E x0 Q,x # 0 for the convex hull X0 of every finite subset of 
X. Since Y, is compact, this implies n 1E x (Qx n Y,) # 0, which completes 
the proof. 1 
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THEOREM 2.4. Let 52: X 3 Y be a concave-convex multifunction with 
closed values. Zf Qx is compact for at least one x0 E X or {x E X: y, 4 ax} 
is relatively compact for at least one you Y and 
Li’ Qx’f 0 for every x E X, (2.11) 
I’- T 
where z is the discrete topology on Y, then n .~ Ex Qx # @. 
Proof First case: suppose that there is a point y, such that {x E X: 
y,$Qx} is relatively compact. Let X’ be the closure of {XE X: y,$ Qx}; 
then we have n .~ EA0 52x # @, where A,, denotes the open subset X\X’ of X. 
Now by (2.11), for every x’ E X’, there is an open subset A,, of X such 
that fIreA, 52x # @. Therefore, by the compactness of X’, there is a finite 
open cover A,, . . . . A, of X’ such that nxeA, Qx # 0 for i= 1, . . . . n. Hence, 
for the finite open cover A,, A,, . . . . A, of X, the property (2.10) holds. 
Therefore, by the previous Proposition 2.3, we have n.r, x Qx # 0. 
Second case: suppose that there is a point x0 of X such that Szx, is 
compact. Therefore, to prove the required property it is enough to show 
that fLB Qx # 0 whenever B is a finite subset of X. Now the convex hull 
X0 of B is a compact set. Therefore reasoning as in the first case we have 
n ..xoQ~fO; hence LB S2x # 0. This completes the proof. \ 
THEOREM 2.5. Let Y be a convex subset of a locally convex topological 
vector space with the induced topology T and let Q: X r3 Y be a concave- 
convex multifunction with closed values. Zf Qx, is compact for at least one 
x,EX and 
Li’ Qx # 0 for every x E X, (2.12) 
x” Y 
then n,.,Qx# 0. 
Proof Since there is a point x0 of X such that Qx, is compact, to prove 
the required property it is enough to show that the intersection flxsxO Qx 
is nonempty for the convex hull X0 of every finite subset of X containing 
the point x0. Hence, with no loss of generality, we will suppose that X is 
a compact set. 
Let JV” be the filter of all closed convex neighbourhoods of zero in the 
locally convex topological space containing Y. Let VE Jlr. An easy 
computation shows that the multifunction Q,: X 3 Y defined, for every 
x E X, by Sz yx = (Qx - V) n Y is concave-convex. By (2.12), for every x E X 
there exists ye Y and an open neighbourhood A, of x such that Qx’n 
(y+ V)#@ for all x’EA,; i.e., n,,...Q.x’#@. Hence 
Li’ Q.x’ # 0 for every x E X. 
x,+x 
(2.13) 
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Since X is compact, (2.13) and Theorem 2.4 yield n ~~ x Q yx # 0, where 
f2,x is the closure of Q,x in Y. 
For every VEX, choose yyEnrGX Q “x. Since Qx, is compact and V 
is closed, (Ox, - V) n Y is also closed; hence y ,, E (Qx, - V) n Y for every 
VEX. Now by the compactness of Qx,, the net {J~,,)~~,, has an 
adherence point yO E Y. It follows that yO E n VE , r).,, x 52,.x = n It x Rx. 
This completes the proof. 1 
Remark. The topological assumptions on convex sets in the two 
theorems above can be partially weakened to include the finite topologies 
(see Aubin and Ekeland [ 1, p. 3313) and the topologies including the 
Euclidean topology on finite dimensional sets (see Brezis et al. [3], 
Liu [16], Lassonde [lS]). 
3. SADDLING TRANSFORMATIONS FOR QUASI CONCAVE-CONVEX FUNCTIONS 
Let X, Y be nonempty convex subsets of topological vector spaces and 
let L be a completely distributive complete lattice. For every function 
f: Xx Y+ L we have 
sup inff <inf supf: 
x Y Y x 
If these two quantities are equal, their common value, denoted by sv(f), is 
said to be the saddle value of J: A point (x,, yO) E Xx Y is called a saddle 
point off if for every (x, y) E Xx Y 
If such a saddle point exists, then f has a saddle value equal to f(x,, yO). 
Let (x0, y,) be a point of Xx Y. The function f is said to be inf-compacr 
(resp. sup-compact) at (x,, y,) if the set ( y E Y: f(x,, y) < a} (resp. {x E X: 
f(x, y,) 3 a}) is relatively compact for every a E L with a # 1 and a # 0. If 
S is both inf-compact and sup-compact at (x,, y,,), then f is called inf/sup- 
compact at (x0, yO). Similarly, we will say that f is inf-locally compact 
(resp. sup-locally compact) at (x,, y,) if for every a EL with a # 1 and 
a#O, the set {ye Y:f(x,, y) ,<a} (resp. {xEX: f(x, yo)>a)) is 
contained in a closed locally compact subset of Y (resp. X). 
A mapping S:Lxxy+Lxxy’ 1s called pre-saddling transformation if for 
every f: Xx Y + L the following properties hold: 
every saddle point off is a saddle point of S(f ), (S.1) 
if f has a saddle value, then S(f) has a saddle value and they 
are equal. (S.2) 
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Let Z be a family of functions from Xx Y to L. A pre-saddling transfor- 
mation S is said to be a saddling transformation for Z# if 
for every f E %, the function S(f) has a saddle value. 63) 
Observe that by composing pre-saddling transformations one obtains 
further pre-saddling transformations; moreover, for a fixed Z, the 
composition of saddling transformations for &’ which are stable for Z 
(i.e., for every f E &?, we have S(f) E ti) is also a saddling transformation. 
In the sequel, we are going to consider saddling transformations defined 
by means of the topologies of X and Y. To study them, we need the following 
four basic transformations from Lx” ’ to Lxx ’ (see Section 1 for defini- 
tions and also Cavazzuti [S], Franzoni and Francaviglia [9], Dolecki [IS], 
Greco [Ill, 141): 
f(x+), I-( Y-), l-(x+, Y-), r( Y-, X’) 
The inequalities 
LJY)f <f <T(Xf)f (3.1) 
r(Y-)fdr(X+,Y-)f<r(Y-,X+)fbr(X+)f (3.2) 
are known for extended real functions; hence by the extension principle for 
limitoids, they hold for the functions with values in a c.d.c. lattice. 
A function f such that r( Y ~ ) f = f is said to be lower semicontinuous on 
Y; dually, .f is said to be upper semicontinuous on X, if ,f= r(X’)f: The 
function f is said to be u.s.c./l.s.c., if f is both U.S.C. on X and 1.s.c. on Y. 
Observe that r( Y-) f and f(X+, YP) f are always 1.s.c. (on Y); while 
T(P) f and f( Y-, X’) f are U.S.C. (on X). These semicontinuity 
properties are well known in the setting of real functions; hence, using the 
extension principle for limitoids, we obtain the same in that of functions 
with values in a c.d.c. lattice. 
LEMMA 3.1. The mappings T(X+), r( Y-), T(X+, Y-), and r( Y-, X’) 
are pre-saddling transformations which are stable for the family of all quasi 
concave-convex functions, for that of all inf-compact functions and for that 
of all sup-compact functions. 
THEOREM 3.2. Let X, Y be convex subsets of topological vector spaces. 
Then T(X+ ) r( Y- ) is a saddling transformation for the family of all quasi 
concave-convex functions which are either inf-compact or sup-compact at 
some point. 
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Proof: Let X’ be the family of all quasi concave-convex functions 
f: Xx Y + L which are inf-compact (resp. sup-compact) at some point. By 
Lemma 3.1, it is enough to prove that 
sup infr(X+)r(Y-)f=inf supT(X+)I(YP)ji for every fe &. 
x Y Y x 
(3.3) 
Consider the following two limitoids T,, T2 from Lx” ’ to L, defined by 
T,(f)=sup infr(X+)T(Y-)f, 
x Y 
T*(f) = inf sup f(X+) r( Y-)j 
Y Y 
Now let W be the family of all subsets Q of Xx Y such that their indicator 
functions +n belong to #. We prove that 
T,($,)= Tz(Gn) for every 52~ W. (3.4) 
Every 52 E W, considered as a multifunction from X to Y, is concave-convex 
and Qx, is relatively compact for at least one x0 E X (resp. (x E X: y, $ Qx} 
is relatively compact for at least one yOe Y). Moreover, the equality 
T,(@,) = Tz($a) holds if T,($,)=O implies T,($,) =O. On the other 
hand, the equality T1(tia) = 0 means 
Li’ Qx’# @ for every x E X, (3.5) I?” Y 
while T,($,) = 0 means 
n Li’ Qx’# 0 (3.6) rtX .r”x 
Hence, in view of the obvious equality n.rEX Li:. -.~ Qx’ = n,, X z, 
Theorem 2.4 yields that (3.5) implies (3.6). This completes the proof of 
(3.4). 
Now we observe that every f E &? is dually W-measurable (see Remark C 
of Section 1). Hence, by (3.4) and the extension principle for limitoids, 
T1 and T, are equal on X’. Therefore (3.3) holds. 1 
COROLLARY 3.3. Let X, Y be convex subsets of topological vector spaces. 
Then I’( Y-) T(X+), r( Y-) T(X+) r( Y-), and T(X+) I-( Y-) T(X+) are 
saddling transformations for the family of all quasi concave-convex functions 
which are either inf-compact or sup-compact at some point. 
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Using the fact that the transformations f( Y- ), T(X+), T(X+) ZJ YP), 
and f( Y-) f(X+) are idempotent, it easy to see that the following ones, 
f(x+)f(Y-), f(Y-)f(X’), 
f(Y-)f(x+)f(Y--), f(x+)f(Y-)f(x+) 
constitute a semigroup with respect o the usual composition of mappings. 
Moreover, the following inequalities hold (see [9]): 
Concerning saddle values we have 
inf s~pf(Y~)f=sv(f(Y~)f(X+)f(Y~)f) 
Y x 
=sv(f(X+)f(Y~)f)<sv(f(Y~)f(X+)f) 
=sv(f(X+)f(Y-)f(X+)f)=sup inff(X+)f, 
x > 
for every quasi concave-convex function f which is either inf-compact or 
sup-compact at some point. 
Now we present another theorem on saddling transformations. 
THEOREM 3.4. Let X be a convex subset of a topological vector space and 
Y a convex subset of a locally convex topological vector space. Then 
f (X’, Y- ) is a saddling transformation for the family of all quasi concave- 
convex functions which are inf-compact at some point. 
Proof. Let % be the family of all quasi concave-convex functions 
f: Xx Y + L which are inf-compact at some point. By Lemma 3.1, it is 
enough to prove that 
sup inff(X+, YP)f=inf supf(X+, Y-)f, for every f ES. (3.7) 
x Y Y x 
Consider the following two limitoids T,, T2 from Lx” ’ to L, defined by 
T,(f)=sup inff(X+, Y-)5 
x Y 
T,(f)=inf supf(X+, Y-)f: 
Y Y 
Let W be the family of all subsets 0 of Xx Y such that their indicator 
functions IC/n belong to S’; in other words, Q belongs to W if and only if 
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Q, considered as a multifunction from X to Y, is concaveconvex and Qx, 
is relatively compact for at least one x0 E X. The equality T,(Gn) = 0 means 
Li’ Qx’#@ ,for every x E X, (3.8) .l’ - x 
while T2($o) = 0 means 
n Li’ ax’+ 0. (3.9) 
.Y E x .x’ - li 
Since Lit.+, Qx’= Li:,+, Qx’ and n rEX Li’,,,, Qx’= n reX G, applying 
Theorem 2.5 to the concave-convex multifunction d from X to Y, defined 
for every XE X by fix = Qx, we have that (3.8) implies (3.9). This yields 
that 
T,(I)~)= Tz($n) for every Q2E W. (3.10) 
Hence, by (3.10) and the extension principle for limitoids, T, and T2 are 
equal on #. Therefore (3.7) holds. 1 
By duality Theorem 3.4 yields the following 
COROLLARY 3.5. Let Y he a convex subset of a topological vector space 
and X a convex subset of a locally convex topological vector space. Then 
r( Y-, X + ) is a saddling transformation for the family of all quasi concavee 
convex functions which are sup-compact at some point. 
We now provide some further informations about the elements of semi- 
group generated by the four saddling transformations: T(X+ ) r( Y-), 
r( Y-) T(P), T(X+, YP), and r( Y-, X’). 
It is known that the semigroup generated by them contains, in general, 
infinitely many elements (see Franzoni [9]). Besides the mentioned four 
elements, this semigroup contains the transformations 
T(Y-) IyXf) I-( Y-), r(x+) I-( Y-) f(x+) 
and the powers 
ryx+, r-), .‘I( Y-, x+ ), 
where n is a positive natural number. And the following inequalities hold: 
I-(X+. Y-)<rn(X+, r-)<P+‘(X+, Y-) 
<r(Y-~)f(X+)r(Y-), 
T(X+)T(Y-)T(X+)dr”+‘(Y+,X+)~~T”(Y~,X+) 
Qr(Y-, X’). 
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Concerning saddle values we have 
inf sup r( Y-)f=sv(rn(X+, Y-)f) <sv(rn( Y-, X+)f) 
Y x 
= sup inf r(X+)f, 
x Y 
where the first (resp. the second) saddle value exists if the assumptions of 
Theorem 3.4 (resp. Corollary 3.5) are satisfied. 
An example of R. Peirone (see [9]) shows that the powers Tn(X+, Y-) 
can be all different and that their supremum can be different from r( Y-) 
f(X+) I( Y- ). But we have the following proposition. 
PROPOSITION 3.6. Let X, Y be convex subsets of locally convex topolo- 
gical vector spaces. If f is quasi concave-convex function which is inf-locally 
compact at each point, then 
I-2(x+, Y-)f=r(Y-)r(X+)r(Y-)f. 
And dually, if f is quasi concave-convex function which is sup-locally 
compact at each point, then 
The reader can use Theorem 2.5 and the extension principle for limitoids 
to prove this proposition. The following example shows that there exists a 
function f verifying its assumptions, but such that T2(Xc, Y-) f # 
I-(X+, Y-)f. 
EXAMPLE. Let X= [0, l]‘, Y=[O, 11, and L=[O, 11. Set x=(x1,x*). 
Denote by 52 the union of the following three subsets of Xx Y: 
Its indicator function $n is quasi concaveconvex. The function 
T(X+, Y- )tjn is the indicator function of the set S2’ defined by 
Moreover, T(X+, Yp)tin, is the indicator function of the set which 
is the union of Q, and 52,. Hence $n,un,=T2(X+, Y-)r+k,# 
f(x+, Y-)l+b* = lj**. 
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4. MINIMAX THEOREMS 
The previous saddling theorems enable us to give some minimax 
theorems for quasi concave-convex functions which are not necessarily 
u.s.c./l.s.c. 
Sion [ 191 proved that every u.s.c./l.s.c. quasi concave-convex function 
f: Xx Y -+ R has a saddle value, when X or Y is compact. Moreover, he 
exhibited an example to the effect that semicontinuity cannot be removed 
in general. Now we give a way to remove it; namely the larger family of 
topologically closed functions will take place of that of u.s.c./l.s.c. ones. 
Let L be a c.d.c. lattice. A function f: Xx Y -+ L is said to be topologi- 
tally closed if 
f(Y~)f(X+)fdf~f(X+)f(Y~)f: (4.1) 
It is clear that every u.s.c./l.s.c. function is topologically closed. Moreover, 
for every f the functions r( YP) r(X’)f, f(X+) f( Y-)A f( YP)T(X+) 
r( Y- )f, and T(X+ ) r( Y- ) r(X’ )f are also topologically closed. 
Observe that f is topologically closed if and only if 
f( Y-) f(X+)f= f( r-),f and f(X+)f= f(X+) I-( Y-)f: (4.2) 
The following example allows us to show some difference between 
u.s.c./l.s.c. functions and topologically closed ones. 
EXAMPLE. Let X= Y= [0, 1 ] and L = [0, 11. Let Sz be the union of the 
following two subsets of Xx Y: 
{(x, y)~Xx Y: y32x and Odx<$}, 
{(x, y)eXx Y: y<2(x-i) and f<x<l}. 
Its indicator function ijR is quasi concaveeconvex without a saddle value; 
it is 1.s.c. on Y, but not U.S.C. on X; that is r( Yp)Gn = $n and 
TV+ Ill/n + tin. 
The function T(X+) r( Y-)$, (=T(X+)$,) is the indicator function of 
the set 52, defined as the union of the following two subsets: 
{(x, y)~Xx Y: y>2x and O<x<i}, 
{(x, y)~Xx Y: y<2(x-4) and i<x< 1). 
On the other hand r( YP ) T(X+ )$a is the indicator function of the set Q, 
defined as the union of the following two subsets: 
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{(x, y)~Xx Y: y32x and O<x<f}, 
{(x,y)~Xx Y:y<2(x-4) and &<x<l). 
The functions I,+*, and tiaz are topologically closed. 
Observe that, for a topologically closed function f, every function g such 
that r( YP )f < g < r(X’ )f is topologically closed too; moreover, if such 
a function g is 1s.~. on Y (resp. U.S.C. on X), then g is just f ( YP )f (resp. 
f(X+)f). Since *n, is topologically closed, r( YP)$n, = I,$~* and 
m-+hh2, = h,, it follows that every function g such en, < g< tin, is 
topologically closed; moreover, if g is different from both tin, and $nz, 
then is neither 1.s.c. on Y or U.S.C. on X. 
The following equivalent form of Theorem 3.2 entails an improvement of 
the Sion theorem. 
THEOREM 4.1. Let X, Y be convex subsets of topological vector spaces 
and let f: Xx Y + L be quasi concave-convex and topologically closed. 
(a) If f is either inf-compact or sup-compact at some point, then f has 
a saddle value. 
(b) If L = R and f is inflsup-compact at some point, then 
max inf f = min sup f: 
x Y Y x 
Using different tools, the above theorem was proved by the author in 
April 1984, and later used by Franzoni [9] and Cavazzuti [S]. 
Theorem 3.4 yields the following sufficient condition for the existence of 
saddle values. 
THEOREM 4.2. Let X be a convex subset of a topological vector space and 
let Y be a convex subset of a locally convex topological vector space. A 1.s.c. 
(on Y) quasi concave-convex function f: Xx Y -+ L which is inf-compact at 
some point has a saddle value tf 
supinff =supinff(X+, Y-)f. 
x Y x Y 
(4.3) 
Note that the family of functions verifying (4.3) contains every function 
f: Xx Y -+ L with the property: 
f=T(Xf, Y-)1: (4.4) 
In the more general setting of topological spaces the following simple 
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characterization of real valued functions verifying (4.4) was given by 
Cavazzuti [4]. He showed that a function f verifies (4.4) if and only if 
f is 1s.~. on Y and inf f is U.S.C. on X (4.5) v 
for every open subset V of Y. It is easy to see that condition (4.5) is 
equivalent to 
epi f(x, .)= Li’“‘epi f(x’, .) for every x E X, (4.6) x,--1 Y
whereepif(x,.):={(y,r)EYx[W:f(x,y)5r}andsxvistheproductof 
the topology 7 of Y and the usual topology v of real numbers. 
Furthermore, an easy computation shows that a I.s.c. topologically 
closed function verifies (4.4) and that the converse is not true in general. 
But for quasi concaveeconvex functions we have the following proposition. 
PROPOSITION 4.3. Let X, Y be convex subsets of locally convex topo- 
logical vector spaces and let f: Xx Y -+ L be a I.s.c. (on Y) quasi concave- 
convex function which is inf-locally compact at each point. Then f is 
topologically closed if and only iffor every open subset V of Y the function 
inf, f from X to L is U.S.C. 
Proof: By the previous observation it is enough to prove the “if” part. 
The assumptions on f imply that (4.4) holds; hence r2(X+, Y-) f =J 
Then Proposition 3.6 and the lower semicontinuity of f imply that 
f = r( Y ~ ) r( X+ ) J: Therefore .f is topologically closed. i 
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